1. Introduction. Let p be an odd prime, and let K be the pth cyclotomic field. In 1847, E. E. Kummer proved the following famous theorem which plays a crucial role in the proof of the second case of Fermat's Last Theorem for regular primes:
Kummer's lemma. Assume that p is a regular prime, namely, p does not divide the class number of K. Then every unit in K which is congruent to 1 modulo p is a pth power of another unit in K.
L. C. Washington generalized this theorem to all primes p as follows ( [7] ): is a pth power of another unit in K.
He also proved the following similar theorem for prime power cyclotomic fields ( [9] ): Theorem B. Let n ≥ 1, and let L be the p n th cyclotomic field. Put
Then every unit in L which is congruent to 1 modulo p
is a pth power of another unit in L, where p n is the unique prime of L above p and τ (χ) is the Gauss sum for χ:
Let F be a number field and p a prime. If we assume that Leopoldt's conjecture is valid for F and p, then there exists an integral ideal M of F whose prime factors are primes above p such that every unit in F which is congruent to 1 modulo M is a pth power of another unit in F . In the present paper, we shall describe this ideal M in terms of the p-adic zeta functions and the p-adic L-functions when F is the nth layer of a Z p -extension of a totally real number field. Especially, applying our result to the p n th real cyclotomic field, we can improve Theorem B for sufficiently large n.
Our method is completely different from Washington's. In the proof of Theorems A and B, he used the cyclotomic units and Leopoldt's formula for L p (1, χ) in which the cyclotomic units appear. But when we deal with totally real number fields, we do not know such special units as those connected to the value of the p-adic L-functions of totally real number fields. So we shall embed the unit group in the semi-local unit group and investigate its factor group applying Iwasawa's theory, especially Iwasawa's Main Conjecture proved by A. Wiles.
We shall prepare some preliminary results in Section 2, and we shall state and prove our main theorem in Section 3. For x ∈ Q we denote by x the smallest integer such that
Exponents of some
For any finite Z p -module M , we write exp(M ) for the exponent of M . Put
Lemma 1. Let n ≥ 0, and let f ∈ Λ be a power series which is prime to ω n . Then
, we have the following exact sequence:
where ϕ is induced by the natural projection and C is a finite Λ-module. Since
From (1) and the assumption of the lemma, we get the exact sequence
Hence we see that
It follows from (2), (3) and this inequality that
as Z pmodules, we obtain the lemma.
Lemma 2. Let M be any finitely generated torsion Λ-module without nontrivial finite Λ-submodule, and let f ∈ Λ be a generator of the characteristic ideal of the Λ-module M . Then
for any g ∈ Λ which is prime to f . P r o o f. From the assumption of the lemma, we have f M = 0. Hence we obtain (f, g)(M/gM ) = (f M + gM )/gM = 0, which implies Lemma 2.
Combining Lemmas 1 and 2, we obtain the following: Proposition 1. Let M and f ∈ Λ be as in Lemma 2, and let n ≥ 0. Assume that f is prime to ω n . Then
P r o o f. This follows immediately from Lemmas 1 and 2.
3. Kummer's lemma for totally real number fields. Let p be an odd prime, and let K be a totally real abelian extension of a totally real number field k. We assume that p [K : k]. For any number field F , we denote by F ∞ /F the cyclotomic Z p -extension, and let F n be its nth layer. Put 
where 
is the discriminant of k and p is a prime of k.
To prove the Main Theorem, we need some propositions. For any number field F , we denote by L(F ) and M (F ) the maximal unramified pro-p abelian extension field over F and the maximal pro-p abelian extension field over F which is unramified outside p, respectively. For a prime p of F , let U F p be the group of local units of F p which are congruent to 1 modulo p, and let U F = p|p U F p . Denote by E F the group of units of F which are congruent to 1 modulo all primes dividing p. We shall embed E F in U F diagonally, and we shall regard E F as a subgroup of U F . We denote by E F the closure of 
Proposition 2. Let p be a prime and let F be a totally real number field. Assume that Leopoldt's conjecture is valid for F and p. Put p
e = exp(Gal(M (F )/F ∞ L(F ))),Z p Gal(M (F )/L(F )) = 1. Then, from the split exact sequence 0 → Gal(M (F )/F ∞ L(F )) → Gal(M (F )/L(F )) → Gal(F ∞ L(F )/L(F )) → 0, we have Gal(M (F )/F ∞ L(F )) = Tor Z p (Gal(M (F )/L(F ))) Tor Z p (U F /E F ).
So we find that exp(Tor
) for every n ≥ 0. We shall do this below applying Iwasawa's theory.
Let
We fix a topological generator γ ∈ Γ and we identify Theorem. The notation being as above, for each χ ∈ ∆, there exists
for s ∈ Z p , and
where L p (s, χ) and ζ p (s, k) are the p-adic L-function and p-adic zeta function of k, respectively, and
Using the above theorem, we estimate the exponent of Gal(
Proposition 3. Let notations be as above, and let n ≥ 0 and χ ∈ ∆. Moreover , we assume that Leopoldt's conjecture is valid for K n and p. Then
where , w and d ψ are the same as in the statement of the Main Theorem.
and that Gal(
is finite by the validity of Leopoldt's conjecture for K n and p, a generator of the char
by Proposition 1 and the above theorem. It is also known that
for 1 = χ ∈ ∆ and ψ ∈ Γ n , and
for ψ ∈ Γ n (see for example [6, (2.4) , p. 7]). Since 
the Main Theorem follows from Propositions 2 and 3.
Let p be an odd prime, k = Q and K = Q(ζ p + ζ −1 p ). Now we shall apply the Main Theorem to p and K/k. Denote by p n the unique prime of Q(ζ p n ) above p. We note that a unit in Q(ζ p n ) which is congruent to 1 modulo p is real, and that a unit in Q(ζ p n +ζ −1 p n ) which is congruent to 1 modulo p n p 2j+1 n is congruent to 1 modulo p n p 2j+2 n for any integer j ≥ 0. Since G 1 (T ) is a unit power series in this case, we obtain the following corollary of the Main Theorem:
